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Abstract 
Ferreira, J.A. and P. De Oliveira, Convergence properties of numerical discretizations and regridding 
methods, Journal of Computational and Applied Mathematics 45 (1993) 321-330. 
In this paper attention is focused on convergence properties on nonuniform grids of numerical discretizations 
of first- and second-order spatial derivatives which occur, for example, in the transport and heat equations. 
The direct study of the discretization error equations lead us to the establishment of expressions for the global 
discretization error, which depend on the grid properties. From these expressions we conclude the conver- 
gence of the discretizations and also outline a grid selection strategy. 
Keywords: Nonuniform grids; regridding methods. 
1. Introduction 
These last years much attention has been paid to the discretization of differential equations 
on irregular grids. Numerical methods involving equidistant grids can be computationally 
inefficient if the problems we are dealing with have solutions with sharp transitions. Regridding 
methods enable us to treat such transitions with an acceptable degree of accuracy, while 
avoiding the use of an excessive number of grid points. 
Basically two approaches to the problem of discretization on irregular grids are found in the 
literature. The first one proposes and tests several principles [l-4], based only on empirical 
justifications, which are to be followed for regridding. In the second approach a theoretical 
study of convergence is made and we can mention without being exhaustive [7-lo]. However 
between these two approaches there is a gap. The regridding principles give accurate numerical 
results but, from a theoretical point of view, several facts are not explained. On the other hand, 
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the theoretical studies of convergence generally exhibit a supraconvergence phenomenon, but it 
is not clear how to use them for practical purposes, that is, for deriving regridding criterions. 
A first attempt to justify theoretically some regrid ing criterions has been presented by one 
of the authors in [5,6]. In these papers, the grid whit & annuls the truncation error coefficient of 
biggest order (one) was characterized. 
In the present paper we complete the results of [5,61, by computing the exact expressions for 
the global discretization errors and showing that the grid characterizations presented there 
generate global approximation errors of order four. Numerical discretizations of the first- and 
second-order spatial derivatives which occur, for example, in the transport and heat equations 
on irregular grids are studied. In Section 2 we study a numerical discretization for the 
first-order spatial derivative. We start by discretizing the spatial derivative with a finite 
difference and we find an exact expression for the global error associated with such a 
discretization. We conclude Section 2 by deriving a sufficient condition on the grid points for 
the global error to be of fourth order. From this condition we establish a regridding criterion. 
In Section 3 we proceed in an analogous way for the second-order spatial derivative occurring, 
for example, in the heat equation. Finally, in Section 4 we present some comments. 
2. A numerical discretization for the first-order derivative 
2.1. A convergent scheme 
In this section we prove the convergence of the discretization of the stationary problem 
1 -g+S(x)=O, x qo, 11, u(O) = uo, 
which occurs, for example, when studying the steady state of the transport equation 
: 
;(X, t) = - ;(x, t) +s(x), x E]O, l[, t > 0, 
@, t) = u,(t), t >, 0, 
4% 0) =f(x>, x E [o, 11, 
(24 
(2.2) 
where uo, s and f represent known functions assumed to be sufficiently smooth. We define in 
[0, l] the grid 
o=x,<x,< *** <x,=1. 
We let 
hi=xi-xi_I, i=l,..., N, 
and 
h=max{h,,i=l,..., N}. 
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We will denote by D, the finite-difference operator defined by 
Dcui = 
ui+1- ui-1 
hi+1 +h, ’ 
i=l 
“” 
,N-1. (2.3) 
In what follows we consider N odd. We note that for N even the matrix associated with DC is 
not invertible. 
The spatial truncation error Ti associated with (2.3) is given by 
d2u 
F = i(hi+i -hi)z (pi) + ~(h~+, -hi+,hi + hl)~~*i) + O(h3), (2.4) 
for i= l,..., N - 1. If we represent by Ei the global error corresponding to the spatial 
discretization, we have 
i 
Dc(E,)=Ti, i=l,..., N-l, 
E,=O. (2.5) 
To employ the numerical scheme we assume that a computational boundary condition is 
added, which induces a global error E, = 0 (or at least of order four in h). Let q’ and T2 
represent respectively the first- and second-order terms in (2.4). We define E/ and Ef as the 
solutions of, respectively, 
D,(E’)=q’, i=l,..., N-l, 
E;=E,:=O, (2.6) 
and 
D,(Ez)=q’, i=l,..., N-l, 
E;=E;=O. (2.7) 
Solving the above equations, we can easily establish the following expressions: 
E;= -- i ,(N$“7 (h:j+l-h:j)$(x,i), if i is odd, 
1=(1+1)/Z 
and 
if i is even, 
j+ -- i ,‘Nc”2 (Iz~~+~ +hij)$(xzj), if i is odd, 
J=(L+1)/2 
(2.8a) 
(2.8b) 
(2.9a) 
(2.9b) 
where i= l,...,N- 1. 
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Finally from (2.8a), (2.8b) and (2.9a), (2.9b) we obtain, for i = 1,. . . , N - 1, 
Ei= i $ (h~j-h~j_l)$(x*j-l) 
J-1 
d3u 
+i 1: (h~j+h3,j-l)~(x~j-1)+o(h3)? if i is even, 
J-1 
1 W-1)/2 
Q= -- 
2 7 
J=(1+1)/2 
(hi.j+1~h~j)~(x2j) 
-; ,y2 (h;j+l +h:j)$(x2j) + O(h3), if i is odd. 
1=(1+1)/2 
(2.10a) 
(2.10b) 
We conclude that the global error is of order one as the truncation error (2.4). 
2.2. Global error and grid selection 
As we have an explicit expression for Ei, we consider now the problem of minimizing the 
global error coefficient of order one. More exactly, we will prove that for a certain grid 
selection the order of convergence is four. 
Let us assume that the x-grid is obtained from an equidistant u-grid by a transformation g 
defined by 
g:]O, l[ +]O, l[, xi=g(si), i= l,..., N- 1. (2.11) 
We assume that g is smooth enough and that g’(t) # 0 in IO, 11. 
Using the Taylor formula we have 
hj+l =g([j+r) -g(tj) =Ag’([j) + iA’g”(Sj) f kA’9”(6) + ** * > 
hi =g(tj) -g(cj-1) = Ag’([j) - $A’g”({j) + $A’g”‘(tj) + * *. 9 
where A represents sj+r - sj. 
From (2.12a), (2.12b) we easily deduce 
(2.12a) 
(2.12b) 
h; -hT_l= 2A3g’(tj_l)g”(tj-1) + 0(A5), (2.13a) 
h3 + hi3_1= 2A3(g’(5,_,))3 + 0(A5). (2.13b) 
Replacing then (2.13a), (2.13b) in (2.10a), (2.10b) and using Lagrange’s Theorem we conclude 
that there exists ~j E](~_~, sj[ such that 
i/2 
Ei(t) = C 
h2j-1 3 
j=l i I g’(S*j-1) 
g'(~2j-l)g"(t2j-l) I 
+ 0(h4), if i is even, (2.14a) 
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Q(t) = - 
I 
+ O(h4), if i is odd. (2.14b) 
Defining grid density d(5) at a point x =g([) as l/g’(t) [5,6], we conclude, from (2,14a), 
(2.14b), that a sufficient condition for having Ei = 0(h4>, i = 1,. . . , N, is 
-d’(t,j-l)$(X*j_l)+ f~(Xzj_l)=0, j=l,...,~i, if i is even, 
(2.15a) 
and 
-d’(~2j)~(X2j)+f~(Xlj)=O, j=i(i+l),...,i(N-l), ifiisodd. 
(2Xb) 
Let us assume that d2u/dx2 # 0 in [O, 11. We can easily prove that 
if i is even, (2.16a) 
and 
d(52j) = ‘2 j = +(i + l), . . . , i(N- l), if i is odd, (2.16b) 
are solutions of, respectively, (2.15a) and (2.15b), where Ci, i = 1, 2, represents a constant. In 
case d2U(xj)/dx2 = 0, for some j, we consider the perturbation problem 
i 
- ~ + S(X) = h”pj(x), x qo, 11, 
(2.17) 
w(O) = wo, 
where 
I 
0, x E [OY l] \lxj-19 xj+l[Y 
PjCx> = exp 
i 
1 
i Cx -“j+1/2)2- (hj+l/2)2 ’ 
x E]Xj-l? xj+l[7 
and Xi+ 1/2 = +(xj_r +xj+r), hj+1/2 = i(hj + hj+l)* We note that 
d2w 
s(Xj) = -h’z(Xj), 
which is different from zero. As I ui - wi I = 0(h4>, i = 1,. . . , N - 1, solving the perturbation 
problem in the grid defined by (2.16a), (2.16b) gives a numerical approximation for ui whose 
accuracy is of fourth order in h. For this last problem (2.16a), (2.16b) gives d(tj) = O(h4>. 
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The previous computations have been made under the assumption that the transformation g 
is exactly known. But from (2.16a), (2.16b) we conclude that the density is a function of the 
solution’s second derivative which is not exactly known. Let us compute this second derivative 
with the finite difference (3.3) presented in Section 3. As proved there, this approximation is of 
second order in h, that is, g can be computed with an error O(h2> and g” with an error O(h). 
We then conclude that the order of convergence of the method is not changed even if g is not 
exactly known. 
We recall from [lo] that the spatial truncation error q is of order four if and only if 
(2.18) 
where C is constant. 
We can summarize the previous results in the following proposition. 
Proposition 2.1. We consider problem (2.1) and the spatial discretization associated with (2.3). 
(a) Let i be even and let condition (2.18) hold for j = 1, 3,. . . ,i - 1. Then Ei = O(h4> and 
q = O(h4> for j = 1, 3,. . . , i - 1. 
(b) Let i be odd and let condition (2.18) hold for j = i + 1, i + 3,. . . , N - 1. Then Ei = O(h4> 
and q=O(h4> forj=i+l,i+3 ,..., N-l. 
3. A numerical discretization for the second-order derivative 
3.1. A supraconvergent scheme 
In this section we study the supraconvergence 
I 
d2u 
- +s(x) = 0, 
dx2 
X E]O, l[, 
u(O) = uo, u(1) = ul. 
of a numerical discretization for the problem 
(34 
which corresponds to the stationary state of the heat equation 
1 g(& t) = 2(x, t) +s(x), xqo, l[, t>o, up, t) = u,(t), u(L t) = Q>, t>,O, 4x9 0) =f(x), x E [o, 11, (3.2) 
where u,(t), i = 1, 2, s(x) and f(x) are known functions assumed to be smooth enough, and 
u(0) = UC), u(l) = ur. 
We consider the spatial grid defined in Section 2 and we discretize the spatial derivative in 
(3.1) using the difference operator 
l hivi+l 
D2vi = z 
- (hi + hi+l)vi + hi+lvi-1 
hihi+l(hi + hi+l> ’ 
(3.3) 
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We begin by proving the supraconvergence of the discretization (3.3). The spatial truncation 
error associated with (3.3) is, for i = 1,. . . , N - 1, 
Ti = ithi+ -hi) 
Proceeding as in Section 2 we define E: and Ef respectively as 
D*(E!) = SChi+l -hi)dX3 x d3U( i), i=l,..., N-l, 
E; =E;=O, 
and 
i 
1 h;,, + h; d4u 
DZ(E!?)=c h, +h, s(‘i), i=lY.**,N-l, 
r+1 1 
Let us introduce the finite-difference operators 
and 
D,v, = 
Ui - Ui-l 
hi 
Dp, = 
+;t:lllyl, * 
We note that 
D,u, = D,D,q. 
(3.4) 
(3.5) 
(3.6) 
From (3.7) and (3.8) we easily see that the first equations in (3.5) and (3.6) are respectively 
equivalent to 
D,E:+, - D,E; 1 hf,, - h? d3u 
hi+1,2 
-Cxi> 
= 6 &+I,2 dX3 
and 
D,Ef+, -DOE’ 1 h;+,+h; d4u 
-_(xi)y hi+1/* = 24 hi+l/z dX4 
where hi+1,2 = k(hi+l + hi). 
Solving (3.9) in D,E! we have 
D,,E; = D,E; + ; ,$ (h; - h&$xj_,), i=2,...,N. 
r-2 
W-9 
(3.10) 
(3.11) 
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Using (3.7) in (3.11) and considering also that EA = 0, we obtain 
E;-Et_, E; 1 i 
hi 
=k+6,F(h;-h;_,)dn3 x, 1 , i=2 ,..., N. d3U ( ‘_ > 
1 I-2 
Equation (3.12) can be solved recursively, giving, for i = 2,. . . , N, 
h,~(h~-h~_,)$(Xj-~), 
j=2 
(3.12) 
(3.13) 
and finally, 
~+~ ~ h,~ (h:-hi_,)~(xi_l). i=2,...,N. (3.14) 
1 m-2 j=2 
Considering in (3.14) i = N and considering the fact that Ei = 0, we obtain the value of Et. 
Replacing this value in (3.14) we finally have the solution of (3.9, 
E; =; $ h, 2 (h;-h&$(xj_I) 5 h, 
m-2 j=2 k=i+l 
-t ~ hm ~ (h:h:_,)~(xj) ~ hk. 
m-t+1 j=2 k=l 
To solve equation (3.6) we proceed in an analogous way, obtaining 
EF = ; k h, E (h; +h;_I)$(xj_I) E h, 
m=2 j=2 k=i+l 
-& 5 hm E (h~+h~-,)$~Xj-~~ i hk* 
m-t+1 j=2 k=l 
(3.15) 
(3.16) 
From (3.15) and (3.16) we obtain an expression for the global error Ei, for i = 2,. . . , N - 1, 
Ei= ~ h, ~ ~(h:-h:_,)~(xi_~~ + $(h3 +h:,)~(xj_~) ~ h, 
m=2 j=2 [ k=i+l 
- 5 h, 5 
m=i+l j=2 
i(h:-hi_,)$(Xj_1) + &(h: +h~-~)$(xj-~) i hk 1. k=l 
+ O(h4). (3.17) 
We have established the supraconvergence of the scheme: the truncation error is of first 
order in h while the global error is of second order in h. 
3.2. Global error and grid selection 
Let us consider the grid defined by transformation (2.11). As in Section 2.2 we prove that for 
a certain grid selection the order of convergence is four. 
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Replacing (2.13a) and (2.13b) in (3.17) and using Lagrange’s Theorem we conclude that there 
exists fj E l[j _ 1, [jr such that the expression for the global error takes the form 
I k=i+l 
3 
+ A[ g’(S,-l,l’~(~j-l) 
I' 
i hk + O(h4), 
k=l 
(3.18) 
for i=2,...,N-1. 
Let us assume that d3U/dX3 z 0 in [0, 11. Using the definition of grid density d(t), we 
conclude from (3.18) that a sufficient condition for having Ei = 0(h4> is 
d3u 
4- ,,(Xi-I)d’(51_I)+~(xj-1)=0, j=2,***,N, 
that is, 
d(6j-l)=C j=2 y***,N, 
(3.19) 
(3.20) 
where C is a constant. If for some k, we have d3U(X,)/dX3 = 0, then, proceeding as in Section 
2, we prove that a sufficient condition to have Ei = 0(h4) is 
d(Sj-l)=c j=2,. ..,Nand j#k+l, d(t,)=O(h4). 
We note that (3.18) has been established under the assumption that g is exactly known. But 
the density d(t), which is l/g’, depends on the solution’s third derivative. To conserve the 
order of convergence in (3.18) we must use at least an approximation 0(h2> for g’. We can 
consider the discretization for the above solution’s derivative given in [7]. 
Following [5,6] condition (3.20) is a necessary and sufficient condition for the truncation 
error q = 0(h4), i = 1 , . . . , N. We summarize our results concerning the second spatial deriva- 
tive in the following proposition. 
Proposition 3.1. We consider problem (3.1) and we discretize the spatial derivative using the 
difference operator (3.3). Zf condition (3.20) holds, then Ej = O(h4> and q = O(h4> for j = 
1 N. ,*a’, 
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Table 1 
Orders of convergence of the truncation and global discretization errors 
Problem (2.1) 
Ti Ei 
Problem (3.1) 
T, Ei 
Arbitrary grid 0th) O(h) 
Grid defined by (2.11) 0(h21 0(h2) 
Grid defined by (2.16a), (2.16b) or (3.20) O(h4) 0(h4> 
O(h) O(h’> 
0(h2) 0(h2) 
0(h4> 0(h4) 
4. Some conclusions 
In this paper we studied discretizations for spatial derivatives on arbitrary nonuniform grids. 
By establishing the exact expressions for the truncation errors and the global discretization 
errors we obtain the convergence orders of the proposed discretizations. If the grid is defined 
by the transformation (2.11), there is no supraconvergence phenomenon: the truncation error 
and the global discretization error are of second order in h. For a certain grid selection defined 
by (2.16a), (2.16b) for the transport equation and by (3.20) for the heat equation, again we 
proved that there is no supraconvergence phenomenon: the truncation and the global errors 
have the same order of convergence (four). For the discretization (3.3) there is a supraconver- 
gence phenomenon on any arbitrary grid. These conclusions are summarized in Table 1. 
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